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In this paper we prove that the space (Πn)/G is homotopy equivalent to a wedge of
spheres of dimension n−3 for all natural numbers n 3 and all subgroups G ⊂ S1 × Sn−1.
Our argument makes use of Discrete Morse Theory. Furthermore we ﬁnd a simple formula
to compute the number of spheres. For example (Πn)/S1 × Sn−1 is homotopy equivalent
to a sphere.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let n  3 and let Πn denote the poset consisting of all partitions of [n] := {1, . . . ,n} ordered by reﬁnement, such that
the ﬁner partition is the smaller partition. Let Πn denote the poset obtained from Πn by removing both the smallest
and greatest element, which are {{1}, . . . , {n}} and {[n]}, respectively. Now we deﬁne (Πn) to the nerve of the acyclic
category Πn , which is a regular trisp, see [6, Chapter 10].
It is well known that (Πn) is homotopy equivalent to a wedge of spheres of dimension n − 3. This result has ap-
plications in arrangement theory, since the intersection lattice of a linear braid arrangement in isomorphic to a partition
lattice Πn , see [4,10]. The following theorem is the ﬁrst result concerning the topology of the quotient (Πn)/G , where G
is a non-trivial subgroup of Sn . This and related facts have implications in singularity theory, see [7,8,12].
Theorem 1.1. (Kozlov [5]) For any n 3, the space (Πn)/Sn is contractible.
This leads to a general question of determining the homotopy type of (Πn)/G for an arbitrary subgroup G ⊂ Sn . The
subgroups which would be especially interesting to consider are the Young subgroups, written as Sk1 × Sk2 × · · · × Skr with
k1 + k2 + · · · + kr = n.
In this paper we give an answer for all Young subgroups that ﬁx the element 1, which are of the form S1 × Sk1 ×· · · × Skr , as a corollary of the more general Proposition 4.2. An instance, which we have not yet solved completely, are
Young subgroups of the form Sk × Sn−k . However, we have computed the ﬁrst homology with integer coeﬃcients, obtaining
the result H1((Πn)/Sk × Sn−k;Z) ∼= 0 for n 5.
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The deﬁnitions of regular trisps, partial matchings, acyclic matchings and foundations of Discrete Morse Theory can be
found in [3,5,6]. The following two theorems of Discrete Morse Theory are frequently used in our proofs. We also make use
of the results in [5].
Theorem 2.1 (Patchwork Theorem). Let ϕ : P −→ Q be an order-preserving map and assume we have acyclic matchings on the
subposets ϕ−1(q) for all q ∈ Q . Then the union of these matchings is an acyclic matching on P .
Theorem 2.2. Let  be a regular trisp and let M be an acyclic matching on the poset F() \ {0ˆ}. Let ci denote the number of critical
i-dimensional simplices of . Then:
1. If the critical simplices form a subcomplex c of , then  collapses onto c .
2.  is homotopy equivalent to a CW complex with ci cells of dimension i.
The proofs of Theorems 2.1 and 2.2 as well as further facts on Discrete Morse Theory can be found in [6, Chapter 11].
3. The collapsible subtrisp
Let n  3 be a ﬁxed natural number throughout this section. The symmetric group Sn operates on (Πn) in a natural
way. In this paper we consider subgroups of the Young subgroup
S1 × Sn−1 :=
{
σ ∈ Sn
∣∣ σ(1) = 1}.
We now consider the regular trisp  := (Πn)/G , where G ⊂ S1 × Sn−1 is a subgroup. Let ∗ be that subtrisp of 
that we obtain by removing all vertices that are represented by some partition where the block containing 1 has exactly
two elements and any other block is singleton. This condition is independent of the choice of the representative. Such a
representative can be written as
vk :=
{{1,k}, {2}, . . . , {̂k}, . . . , {n}}
with k ∈ {2, . . . ,n}. The element with the hat above is omitted.
Let R be the set of all vertices of ∗ where the block containing 1 is singleton.
Lemma 3.1. There exists an acyclic matching on the poset F(∗) such that a simplex σ ∈F(∗) is critical if and only if V (σ ) ⊂ R.
Proof. Let B be the set of all vertices that are not contained in R . Now we deﬁne a closure map ϕ : B −→ R . Let b ∈ B and
let b˜ ∈ Πn be a representative of b. We modify the blocks in b˜ as follows. We replace the block A containing 1 by the two
blocks {1} and A \ {1} and take the class of this new partition as ϕ(b). By applying Corollary 2.5 in [5] and Proposition 7
in [9] it is easy to see that this map is well deﬁned and a closure map.1 By Theorem 2.2 in [5] we get an acyclic matching
on F(∗) where a simplex σ is critical if and only if V (σ ) ⊂ R . 
Lemma 3.2. There exists an acyclic matching on F(∗) that has only one critical simplex which has dimension 0. In particular ∗ is
collapsible.
Proof. We deﬁne an order-preserving map
ϕ :F(∗)−→ [0,1],
σ −→
{
0 if V (σ ) ⊂ R,
1 else.
By Lemma 3.1 we already have an acyclic matching on ϕ−1(1) with no critical simplices. Now we deﬁne an acyclic matching
on ϕ−1(0). Let α be the vertex that is represented by the partition {{1}, {2, . . . ,n}}. Let σ be a simplex of ϕ−1(0) with
V (σ ) = {α}. It is clear that α can be either deleted from σ or uniquely inserted into σ . The matching rule therefore is the
following: add α to a simplex if it is not already there, otherwise remove it. This matching is acyclic, since this rule can
be formulated by a closure map that maps each vertex that does not equal α to α. We apply Theorem 2.1 and obtain an
acyclic matching on F(∗) that has only one critical simplex; the simplex that has only the vertex α. Theorem 2.2 tells us
that ∗ is collapsible. 
1 See Deﬁnition 2.1 in [5].
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the set of all these special vertices. We deﬁne a poset PG := VG ∪ {0} such that 0 is the smallest element of PG and the
only element that is comparable with some other element. That means x, y ∈ PG , x < y implies x = 0. We deﬁne an order-
preserving map ϕG :F() −→ PG as follows. Let σ ∈ F(), then we map σ to 0 if σ ∈ F(∗). Otherwise we map σ to
the special vertex of VG that belongs to σ , which is unique. By Lemma 3.2 we already have an acyclic matching on ϕ
−1
G (0)
with one critical cell which has dimension 0. The next step would be to ﬁnd acyclic matchings on ϕ−1G (v) for all v ∈ VG
and apply Theorem 2.1.
4. The main result
Let n 4, for each 2 k n we deﬁne the embedding ik : S1 × Sn−2 −→ S1 × Sn−1, where
ik(σ ) : [n] −→ [n],
x −→
{
k if x = k,
fk ◦ σ ◦ f −1k (x) else
and fk is the order-preserving bijection fk : [n − 1] −→ [n] \ {k}. Notice that σ(1) = 1 and hence ik(σ )(1) = 1. The image
of ik consists of all permutations σ ∈ S1 × Sn−1 with σ(k) = k. It also easy to see that ik is injective.
Lemma 4.1. Let n  4 and G ⊂ S1 × Sn−1 be an arbitrary subgroup. Let 2  k  n and assume we have an acyclic matching on
F((Πn−1)/i−1k (G)), where the set of critical simplices consists of one critical simplex of dimension 0 and l critical simplices of
dimension d, where l,d 0. Let v ∈ VG be the vertex that is represented by vk. Then there exists an acyclic matching on ϕ−1G (v) such
that the set of critical simplices consists of l critical simplices of dimension d + 1.
Proof. We deﬁne a map
ψ :F((Πn−1)/i−1k (G))−→ ϕ−1G (v) \ {v}
as follows. Let σ ∈F((Πn−1)/i−1k (G)) be a simplex, then we choose a representative σ˜ ∈F((Πn−1)) and describe what
happens to the vertices of σ˜ , which are partitions of the set [n − 1]. Let p = {B1, B2, . . . , Br}, where B1 is the block that
contains 1, be a partition in the chain σ˜ . For p we deﬁne p∗ := { fk(B1)∪ {k}, fk(B2), . . . , fk(Br)}, which is a partition of the
set [n]. σ˜ can be written as
σ˜ = (p1 < · · · < pt).
We deﬁne ψ(σ ) as the simplex that is represented by the chain (vk < p∗1 < · · · < p∗t ).
This map is well deﬁned, for: Let (p1 < · · · < pt) and (p′1 < · · · < p′t) be two representatives. That means there exists
g ∈ i−1k (G) with p′i = gpi for all i ∈ [t]. Assume i ∈ [t], pi can be written as pi = {B1, B2, . . . , Br} with 1 ∈ B1, then we
also have p′i = {g(B1), g(B2), . . . , g(Br)} with 1 ∈ g(B1). For 1 < j  r we have fk(g(B j)) = ik(g)( fk(B j)). It also follows
fk(g(B1)) ∪ {k} = ik(g)( fk(B1) ∪ {k}), since ik(g)(k) = k. Therefore ik(g) gives us our relation. It is easy to see that ψ is
order-preserving.
ψ has an inverse
ψ−1 :ϕ−1G (v) \ {v} −→F
(
(Πn−1)/i−1k (G)
)
that maps a σ ∈ ϕ−1G (v) \ {v} as follows. The smallest vertex of σ is v , we choose a representative σ˜ = (vk < p1 < · · · <
pt) ∈ F((Πn)) such that vk is the smallest partition in the chain σ˜ . Let p = {B1, B2, . . . , Br}, where B1 is the block that
contains 1, be a partition in σ˜ . In particular we have k ∈ B1, since vk reﬁnes any partition in σ˜ . For p we deﬁne the partition
p∗ := { f −1k (B1 \ {k}), f −1k (B2), . . . , f −1k (Br)}. We deﬁne ψ−1(σ ) as the simplex that is represented by (p∗1 < · · · < p∗t ).
ψ−1 is well deﬁned, for: Let (vk < p1 < · · · < pt) and (vk < p′1 < · · · < p′t) be two representatives. That means there
exists g ∈ G with p′i = gpi for all i ∈ [t]. Clearly we have g(1) = 1 and g(k) = k, and therefore g lies in the image of ik .
i−1k (g) gives us the relation we are looking for. It is easy to see that ψ
−1 is order-preserving and the inverse of ψ .
Via ψ we get an acyclic matching on ϕ−1G (v) that has l critical simplices of dimension d + 1, one critical simplex τ of
dimension 1, and additionally we have the critical simplex that has only the vertex v . Finally we match v with τ and this
matching is acyclic since v is the smallest element of ϕ−1G (v). 
Proposition 4.2. Let n 3 and G ⊂ S1 × Sn−1 be a subgroup, then the topological space(Πn)/G is homotopy equivalent to a wedge
of spheres of dimension n − 3.
Proof. We show there exists an acyclic matching on the poset F((Πn)/G), where the set of critical simplices consists of
one critical simplex of dimension 0 and the other critical simplices have dimension n − 3. Then we can apply Theorem 2.2.
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match anything and get an acyclic matching with one critical simplex of dimension 0 and another one or two critical
simplices of dimension 0. Now we assume n > 3 and proceed by induction.
By the discussion at the end of Section 3 it remains to show that there exists an acyclic matching on ϕ−1G (v) for each
v ∈ VG such that all critical simplices have dimension n − 3. Let v ∈ VG , then we choose a 2  k  n such that vk is
a representative of v . By induction hypothesis we have an acyclic matching on (Πn−1)/i−1k (G) which has one critical
simplex of dimension 0 and critical simplices of dimension n − 4. We apply Lemma 4.1 and get our acyclic matching
on ϕ−1G (v). 
5. Counting spheres
We are now interested in the number of spheres we have. This can be computed either by looking into the proof of
Proposition 4.2 or by determining the Betti Number βn−3((Πn)/G), which is the dimension of Hn−3((Πn)/G;C).
The action of S1 × Sn−1 on (Πn) induces an action on Hn−3((Πn);C). By applying Corollary 3.3 in [2] and Theo-
rem 1.5 in [11] we know that Hn−3((Πn);C) and
C · (S1 × Sn−1) =
⊕
σ∈S1×Sn−1
C · σ
are isomorphic as (S1 × Sn−1)-modules. The Transfer Theorem2 tells us
Hn−3
(
(Πn)/G;C
)∼= Hn−3((Πn);C)G ∼= (C · (S1 × Sn−1))G .
The dimension of (C · (S1 × Sn−1))G is the index of G in S1 × Sn−1. Hence we obtain the following result: (Πn)/G is
homotopy equivalent to a wedge of k spheres of dimension n − 3, where k is the index of G in S1 × Sn−1.
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